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Abstract

Some biological systems involving mutation and selection are characterised
by nonlinear equations that can have dynamically complex outcomes. We con-
sider the genes affecting a quantitative trait, that have been previously found to
have a distribution that persistently changes and does not equilibrate. This is the
outcome of non-linear feedback arising from selection and mutational processes
that vary from one genetic locus to another, thereby breaking the symmetry that all
loci are equivalent. Here we adopt an approximate analytical approach to identify
the evolutionary �force� that drives the persistent change.
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1 Model
This work is concerned with a mathematical description of a population of living
organisms. We investigate a model of a quantitative trait. Quantitative traits are mea-
surable features of an organism. Their value is affected by many genes along with the
environment in which the organism develops, and hence are continuously distributed.
One example of such a trait is the height of an organism.
Consider a large population of randomly mating sexual organisms, with each indi-
vidual characterised by a phenotypic trait. There are no systematic differences in the
traits of the two sexes (no sexual dimorphism). The value of the phenotypic trait, Z,
is the sum of an environmental component, ", and the individual's �genotypic value�,
G, so Z = "+G.



The environmental component, ", is drawn for each individual at random from a nor-
mal distribution with mean zero and a �xed variance.
To determine the genotypic value, G, we take the population to be diploid and have n
freely recombining loci. The effects of the maternally and paternally inherited alleles
at locus i (= 1; 2; :::; n) areXi and Yi, respectively. Following Crow and Kimura [1],
we take allelic effects to be continuous and have an in�nite range: �1 < Xi; Yi <
1, and genotypic values to be additively determined from the effects of the alleles at
the loci controlling the trait. That is, G =

Pn
i=1(Xi + Yi). Maternally and paternally

inherited alleles have identical distributions (apart from a short transient period) and
henceforth we shall only refer to the distribution of alleles of maternal origin.
Generations are taken to be overlapping (time is continuous). Following Kimura [2],
we take the population to be subject to stabilising viability selection which is charac-
terised by a death rate that is a quadratic function of the phenotypic trait value. Thus
an individual with phenotypic value z has death rate s (z � zopt)2+ �z independent
terms�, where s is a positive parameter characterising the strength of selection on
phenotypes towards the value zopt, which is termed the optimal phenotype. We take
s� 1 as is often found in natural populations [3].
We derive the effect of selection on genotypic values, by focussing on a large num-
ber of individuals with identical genotypes, but different phenotypes (due to different
environmental effects, "). Averaging over " yields a death rate for individuals with
genotypic value G of s (G� zopt)2+ �G independent terms�.
Gamete formation is taken to result from Mendelian segregation and free recombina-
tion. Given that each of the 2n alleles in an individual is a copy of a parental allele,
the effect of an allele in an offspring is identical to that of the parental allele, unless a
mutation occurred during its production. The probability of a mutation of an allele at
locus i is written �i.
Mutations to different alleles are taken to occur independently. Mutational changes
of allelic effects are taken to have continuous values [1], [2] and have a Gaussian
distribution. Thus if x is the effect of an allele in an individual and x� is the effect of
the parental allele, then if no mutation occurred, we have x = x�. If a mutation did
occur then x is drawn from a normal distribution with mean x� + bi and variancem2

i .
The probability density of mutated allelic effects is thus

fi(x� x� � bi) =
s

1

2�m2
i

exp

�
� (x� x

� � bi)2
2m2

i

�
: (1)

If bi = 0 we have the model of Lande [4]. If bi 6= 0 the mutation distribution is not
symmetric around the parental value and bi is a bias introduced by mutation [6].
Lastly, we take birth rate to be independent of phenotype and by a choice of time
units set the birth rate to unity and assume population numbers are regulated by an
unspeci�ed ecological process (see e.g., Appendix A of [7]).



2 Calculation
With x = (x1; x2; :::xn) a realisation of the n allelic effects in gametes of maternal
origin, let �(x; t) denote the probability density of these at time t. Under the neglect
of linkage disequilibria [9], allelic effects at different loci are statistically independent.
Thus �(x; t) can then be approximated by

Qn
j=1 'j(xj ; t) where 'j(xi; t) is the dis-

tribution of allelic effects of maternal origin at locus j at time t. From the description
of the model, it then follows that

�@'i(xi; t)
@t

= s
h
(xi +G� zopt � �xi)2 � (xi +G� zopt � �xi)2

i
'i(xi; t)

+�i'i(xi; t)� �i
Z
fi(xi � y � bi)'i(y; t)dy: (2)

Here, overbars denote averaging at time t, henceA(xi) =
R
A (xi)'i(xi; t)dx, so the

mean trait value is
G � G(t) = 2

Xn

i=1
�xi (3)

and we use the convention that all integrals with unspeci�ed limits cover the full �1
to1 range of the integration variable.

3 Gaussian approximation
For general values of the mutation rate, �i, the only known exact solution of Eq. (2) is
when (i) the population is at equilibrium (ii) all bi vanish and (iii) fi(x) has a particular
symmetric form similar to a Gaussian [7]. For analytical progress, approximations
need to be considered.
Equation (2) was, with an unspeci�ed distribution of mutations, analysed by Kimura
under a Gaussian approximation for 'i(xi; t) [2]. Two aspects to Kimura's calculation
require comment.
(i) Kimura's approximation was shown to have good validity at loci where �i=(sm2

i )�
1 [5]. This parameter region is not believed appropriate for a typical locus [3] but
Welch and Waxman [8] suggested that there may be some loci where �i=(sm2

i )� 1.
Perhaps the simplest situation where this arises is if there are loci whose values ofm2

i

are anomalously small.
(ii) Kimura implicitly assumed the population equilibrates. That is, at long times,
he assumed 'i(xi; t) becomes independent of time. Waxman and Peck [6] showed
that when there is variation of the bi across loci, as well, possibly, as variation of
other mutational parameters (such as themi and the �i), the assumption that 'i(xi; t)
equilibrates is mathematically inconsistent. Numerical evidence [6] suggests that at
long times, the only aspect of 'i(xi; t) that remains time dependent is the mean allelic
effect, �xi(t) =

R
x'i(x; t)dx. At long times, the �xi(t) were numerically found to

change linearly with time, with some �xi(t) taking increasingly positive values, and



others takes increasingly negative values. It was observed that the sum of the mean
allelic effects, which is proportional to the mean genotypic value G(t) (Eq. (3)),
achieves a constant value at long times, indicating that G(t) equilibrates.
Here, we present a Gaussian approximation of Eq. (2) that does not make implicit
assumptions about the 'i(xi; t) at long times. A purpose of the present work is to
provide some analytical evidence for the �running allele� phenomenon that was nu-
merically seen by Waxman and Peck [6], where the �xi(t) asymptotically change lin-
early with time. Additionally, we have the aim of identifying the evolutionary �force�
that drives the �running� of alleles. The calculations apply when �i=(sm2

i ) � 1 and
we would like to extend the analysis to the regime �i=(sm2

i ) � 1 that is believed to
be relevant to most loci, but this has not yet been possible.
The Gaussian approximation entails replacing 'i(xi; t) by a Gaussian function of xi.
In such a case 'i(xi; t) is completely characterised by its mean, �xi, and its variance,
Vi, and in general, these change with time. In Appendix A it is shown that �xi and Vi,
obey

d

dt
�xi = �2sVi

�
G� zopt

�
+ �ibi (4)

d

dt
Vi = �2sV 2i + �im2

i + �ib
2
i : (5)

We note that: (i) there is coupling between variables of the same locus, since Eq. (4)
explicitly involves the variance, Vi, of the same locus, (ii) there is coupling between
variables of the different loci, since G has the form in Eq. (3) and hence Eq. (4)
involves mean allelic effects of loci other than just locus i.

4 Long-time solutions
Since Eq. (5) is independent of �xi, it simply results in Vi approaching its single stable
equilibrium value bVi =q�i (m2

i + b
2
i ) =(2s): (6)

To determine the long time behaviour of the �xi, we �rst determine the equilibrium
mean trait value, bG, and use this in Eq. (4). We proceed by summing Eq. (4) over all
i and �nd G equilibrates to

bG = zopt + Pn
i=1 �ibi

2s
Pn

i=1
bVi : (7)

Using Eqs. (6) and (7) in Eq. (4) leads to the �xi having a rate of change, d�xi=dt, that
approaches a constant value Ri given by

Ri = lim
t!1

d�xi
dt

= �ibi � bViPn
j=1 �jbjPn
j=1

bVj : (8)



In general, the Ri do not vanish, so the �xi do not come to equilibrium. Equation
(8) signals that there is an asymptotically linear change of �xi with t: �xi(t) � Rit.
This behaviour, previously described as a �running� of the mean allelic effects [6],
corresponds to a constant rate of turnover of alleles at every locus. Alleles of larger
absolute effect are substituted at each locus with Ri 6= 0. In Figure 1 the rates of
change of the mean allelic effects are plotted against time t and may be observed to
approach constant values.

Figure 1: The rate of change of the mean allelic effects of different loci, d�xi=dt, are
plotted against time, t (thin lines). Also plotted is the rate of change, averaged over all
loci, n�1

Pn
j=1 d�xi=dt (thick line). The case illustrated is for n = 4 non-equivalent

loci, where � = 10�4�(0.0356,0.0719,0.0113,0.1044),m = 10�2�(0.07,0.04,0.04,
0.18), b = 10�2�(0.14,0.09,0.18,0.02), s = 0:1 and the initial conditions areV(0) =
10�5�(0.4747,0.4418,0.2504,0.2425) and G(0)� zopt = 0.
An automatic consequence of the form of Eq. (8) is thatXn

i=1
Ri = 0 (9)

i.e., at long times, d (2
Pn

i=1 �xi) =dt � dG=dt = 0. Thus the running of the mean
allelic effects and the equilibration of the mean trait value are exact features of a
Gaussian approximation. In Figure 1, the thick line represents d

�
n�1

Pn
i=1 �xi

�
=dt

and approaches zero at long times, in accordance with Eq. (9).
The form of theRi (Eq. (8)) has an interesting structure. When there are no mutational
biases (all bi = 0), all Ri vanish. Thus non-zero mutational biases are a necessary
condition for the Ri to be non zero. That this is not suf�cient can be seen in the case
where all loci are mutationally equivalent, with all �i, bi and mi, and hence bVi, not
exhibiting variation across loci. In this �symmetric� case, we have all Ri = 0. Thus
variation of some mutational parameters across loci, combined with non-zero bi, are



required for all Ri not to vanish. There appears to be no special reason why loci are
mutationally equivalent or all bi vanish, and since the slightest breaking of equivalence
of loci leads to the Ri being non-zero, we infer the generic long time behaviour of the
model is running of the �xi.

5 Two loci
It is illuminating to consider properties of the rates of running of mean allelic effects
(the Ri) when there are just n = 2 loci controlling the trait. In this case we can write
R1 =

bV1 bV2bV1+bV2
�
�1b1bV1 � �2b2bV2

�
andR2 = �R1. It is clear that the direction of �running�

of alleles at locus 1 (the sign of R1) can depend sensitively on which of the two terms
within the bracket determine its sign. If both b1 and b2 are positive then a small change
in the sizes of the mutation rates at the two loci has the possibility of changing the sign
of R1. More generally, a small change in parameters has the possibility of making a
very large change in the long time properties of the population, where �x1 will have
very different values at long times ifR1 > 0 compared withR1 < 0. Such parameters
may be sensitive to external environmental conditions, such as temperature, and small
changes in the location of a population have the possibility of resulting in large genetic
changes.
An interesting feature is that the direction of the rate of running of allelic effects at a
locus can be in the opposite direction to the direction mutational bias pushes alleles at
that locus. For example, if �1 = �2 = �,m1 = m2 = m but 0 < b1 � b2 � m then
the equilibrium allelic variances are similar: bV1 ' bV2, but the rates of running are of
opposite sign: R1 ' ��b2=2 and R2 ' �b2=2. In this example, locus 1 is subject
to a positive mutational bias but remarkably has a negative rate of change of its mean
allelic effect at long times.

6 Feedback
The phenomenon that the �xi asymptotically increase with time is, in part, a result of
feedback arising from selection. In the absence of selection (s = 0), Eq. (4) is simply
d�xi=dt = �ibi and this accounts for the leading term on the right hand side of Eq. (8).
The second term on the right hand side of Eq. (8) must arise from feedback arising
from selection, even though in the Gaussian approximation this term is independent
of the strength of selection, s.
To get an idea of the timescale over which such feedback occurs, we have d�xi=dt =
�ibi � 2sVi

�
G� zopt

�
hence the second term on the right hand side achieves its

long time form when both Vi and G� zopt have achieved their long time equilibrium
values. It may be shown that Vi takes a time of order

�
4sbVi��1 to equilibrate, while



G� zopt takes a shorter time of order
�
4s
Pn

j=1
bVj��1. Thus we can say effectively

all feedback has occurred at locus i after a time of order
�
4sbVi��1 and in a Gaussian

approximation, bVi / s�1=2 (Eq. (6)). Thus the timescale of selectively induced
feedback scales with the strength of selection as

�
s� s�1=2

��1
= s�1=2.

7 Summary
We have considered the dynamics of a quantitative trait. The full mathematical prob-
lem is undoubtedly complex and we have implemented a Gaussian approximation.
This generally represents a signi�cant departure from the full set of equations, but has
the virtue that explicit results can be derived for quantities of direct interest. One such
quantity is the rate at which mean allelic effects �run� with time. Results for these are
in qualitative agreement with a numerical treatment of the full problem, suggesting
that a Gaussian approximation does capture important features.
It is interesting to identify the aspects of the problem that lead to �running� alleles.
It would appear that a necessary feature is the presence of the mean trait value, G(t),
in the equations describing the alleles at different loci. The presence of this term
accounts for communication or feedback between different loci. A second key factor
is variation in mutational properties of the different loci. Because of this, different
loci do not have identical dynamical equations. Of all of the possible differences of
mutational properties of different loci, the mutational biases (the bi) play a central role
in �running� of alleles; if all bi = 0 then irrespective of variation of other parameters
there is no running of alleles.
It would also be interesting to �nd other models, perhaps simpler ones, where the
dynamics depends on the mean value of a �central variable� analogous to G(t), and
has a �broken symmetry� analogous to non equivalence of the mutational properties
of the different loci, to see if persistent, non equilibrium behaviour arises.

Appendix A
In this Appendix, we derive equations for the mean allelic effect, �xi and the variance,
Vi under a Gaussian approximation. We begin by de�ning �xi = xi � �xi so Vi =
(�xi)

2 and Eq. (2) takes the form
@

@t
'i(xi; t) = �s

h
(�xi)

2
+ 2�xi(G� zopt)� Vi

i
'i(xi; t)

� �i'i(xi; t) + �i
Z
fi(xi � y � bi)'i(y; t)dy: (10)

Multiplying Eq. (10) by xi and integrating over all xi yields
d

dt
�xi = �s(�xi)3 � 2sVi

�
G� zopt

�
+ �ibi: (11)



Multiplying Eq. (10) by x2i and integrating over all xi yields
d

dt
x2i = �2s�xi(�xi)3�

s(�xi)
4 � s

h
4�xiVi + 2(�xi)

3
i
(G � zopt) + sV 2i + �i(m2

i + 2�xibi + b
2
i ). Using

d

dt
Vi =

d

dt
x2i � 2�xi

d

dt
�xi we �nd

d

dt
Vi = sV

2
i + �im

2
i � s(�xi)

4 � 2s(�xi)3(G� zopt) + �ib2i : (12)

Some approximations of Eqs. (11) and (12) amount to �moment closure� relations
(high order moments of �xi are expressed in terms of low order moments). Here we
employ a Gaussian approximation; Eqs. (11) and (12) then simplify, since (�xi)3 = 0
and (�xi)4 = 3V 2i , to Eqs. (4) and (5).
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